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Abstract. The Hilbert space representations of a non-commutative g-deformed Minkowski space, its mo-
menta and its Lorentz boosts are constructed. The spectrum of the diagonalizable space elements shows a
lattice-like structure with accumulation points on the light-cone.

1 Introduction

A non-commutative space-time structure emerges from
quantum group considerations.

More precisely, if we demand that space-time vari-
ables are modules or co-modules of the ¢g-deformed Lorentz
group, then they satisfy commutation relations that make
them elements of a non-comutative space. The action of
momenta on this space is non-commuative as well. The
full structure is determined by the (co-)module property.

This algebra has been constructed in [1]. It can serve
as an explicit example of a non-commutative structure for
space-time.

This has the advantages that the g-deformed Lorentz
group plays the role of a cinematical group and thus deter-
mines many of the properties of this space and allows ex-
plicit calculations. We have explicitly constructed Hilbert
space representations of the algebra and find that the vec-
tors in the Hilbert space can be determined by measuring
the time, the three-dimensional distance, the g-deformed
angular momentum and its third component. The eigen-
values of these observables form a g-lattice with accumu-
lation points on the light-cone. In a way physics on the
light-cone is best approximated by this g-deformation. It
is an interesting result that time-like and space-like re-
gions serve as basis for irreducible representations inde-
pendently. It will be shown however in a forthcoming pa-
per [2] that these representations are linked together if
we demand that the observables are essentially selfadjoint
operators.

The paper is organized as follows. We first present
the algebra. In Chap.2 we give explicit formulas for the
matrix elements of the elements of the algebra. This is
the main result of this work and can serve as a starting
point for further investigations. In the following chapters
we give a rather detailed guide how these results can be
obtained, first for the space-time algebra (Chap. 3), then
for the Lorentz algebra (Chap. 4).

The algebra represented that far is isomorphic to the ¢-
deformed Poincaré algebra. We would just have to replace
X by P to obtain the respective representations [3].

In the next chapter (Chap. 5) we enlarge the algebra by
a scaling operator and we introduce a canonical notation
for labeling the states.

Finally in Chap. 6 we construct the representations of
the momenta in the X-basis. There we learn that the full
algebra cannot be represented on the light-cone by itself.
The points on the light-cone are limiting points from the
time-like and space-like regions.

2 The algebra

The algebra derived in [1] is generated by the elements
X4 (coordinates), P* (momenta), V (g-Lorentz trans-
formations), and A2 (scaling operator). 1

The space is non-commutative:

eop XBXC = (1-¢*)X°X4 (2.1)
XOXC _ XCXO
The momenta are subject to the same relations:
ecpPPPY = (1 - ¢*)POPA (2.2)

POPC _ PCPO
The defining relations of the g-Lorentz algebra, as it acts
on coordinates and momenta, are more easily expressed in

the “Pauli”-notation:

VAO _ RA +q2SA

Vo4 = —¢?R* — 54 (2.3)
VAB _ €CAB(RC . SC)
Vo =0

! Capital letters # denote the three space indices (+, —, 3),
small letters  denote the four Minkowski indices (+, —, 3,0).
ecBaA is the g-deformed e-tensor and g4 p the Euclidean metric,
Napb the Lorentz metric. For the scalar product we write XoY =
gaB XY P (see also Appendix A)
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In addition, we introduce an element U that is related to
the Casimir operators of the g-Lorentz algebra:

U?=1+ %(q4 —1)2(RoR + S08) (2.4)
The g-Lorentz algebra?:
o RPRY = 4 +1q2 UR"
eop?SBSC = -1 ti Us4 (2.5)
RASE — qu{ABCDSCRD
UR” = RAU, US4 = s4U

The coordinates “transform” under the g-Lorentz trans-
formations:

1¢*+1 1¢2—1
RAXO:* XORA - e AXMRL
gz +1 qgq+1 LM
q A
- (1+q2)2X v
RAXP = 5 |+ @)X R”
1 1
= (@ = et PXORT - (¢ = g XoR
2 1 1
_ *EABGESTGXTRS_* 2gABXOU
q ql+gq
1 1
+ o ZEMABXMU]
q q
SAX0_1q4+1XOSA 1¢> -1 AxMgL
TR g +1 "
1
T (2.
1 1
SAXB:ﬁq2 5(1+q2)XASB
1
— 5(q2 —1Dec?BX0SY + ¢(¢* — 1)g*BX oS
2 uBc T oS q AB 30
— - € X's0 - —— XU
p STG 1+q29
1 1
_ 51+q25MABXMU]
1g*+1 1
0 0 2 2
UX T — (¢ —1)°XoR
1¢*+1
UXA:*q211XAU* (q2*1)2X0RA
qq
1

7((]2 . 1)2€CBAXBRC
q

The momenta have the same transformation law.

2 The R matrices are also defined in Appendix A
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The scaling operator acts as follows:
1 1 1
N2 X=Xz
q

A2 P® = gPe A%
AZYb = Yo g
AU = UA?

The relations that generalizes the Heisenberg commu-
tation relations are: 2

pexb q72RI—11abchcpd _ (2 8)

—2A7E {(1+ ¢ U + ¢*(1 — ¢V}
The g¢-Heisenberg algebra (2.8) does not separate from
the ¢g-Lorentz algebra for ¢ # 1. The relation (2.8) tells
us how to commute X® and P® and how to define orbital
angular momentum in terms of the space and momentum
operators. It is not possible to define V' in terms of an
X, P ordered expression.

From orbital angular momentum we expect additional
relations — the orbital angular momentum is orthogonal
to the coordinates and momenta. These relations follows
from the defining relations of our algebra and they are:

X084 — ¢?RY) —ecpXB(RC +59) =0

(2.9)

The same with X replaced by P. Not all representations of
the Lorentz group can be realized as angular momentum.
We expect a relation for the Casimir operators. It follows
from the algebra that:

RoR = SoS (2.10)
For the physical interpretation and for the representations
of this algebra the conjugation properties are very impor-
tant. They are:

X0=Xx%  XA=g,upX"?
ﬁ: PO ) ﬁ:gABPB
RA=—guapSB , SA=_g\gRP (2.11)
U=U

A1/2 — q4A—1/2

These conjugation relations are consistent with the alge-
bra.

Finally, we identify the three-dimensional rotations in
the algebra. They have to commute with X% and XoX
Such operators have been found in [4] and they are:

P+l

A
L 7

(USA —UR* + (¢* — 1)ecp?RPSY) (2.12)
They commute with X° and P? as well as with all

“scalars” in our algebra formed with the metric g4, such
as XoX, PoP, RoR, SoR, etc.
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To write the L algebra in a familiar way we define an
additional element:

W =U? - ¢*(¢g* —1)?RoS (2.13)
and find:
epcLCLE = f%LA (2.14)
q

¢*(¢*—1)2?LoL=W?-1

The SU,(2) algebra was written in this form in [5,6].
We identify the SU,(2) generators:

T = ¢*\/1+ ¢2 2t
T-=—-¢3V1i+¢ Y20 (2.15)
T3 = T
with 772 = W + ¢*(1 — ¢*) L%
The T algebra is the familiar one:
1 1-—
ST gt = =
q —
1
Tt = q7T+Tg (2.16)
T~ = ¢T3
Its Casimir operator is:
_ q 1 1 1 1 9
SO SR N S SRR
G-D2" Talg-e\"
(2.17)
The conjugation properties are:
1 __
TH==5T", T-= Tt (2.18)
q
T3 = T3
The vectors X4 and P4 transform as follows:
1
LAXE = g"BX oL — EgKCAEDKBXCLD
q
1
—qjecABXcW (2.19)

1
WX = (¢ + = - )XW + (¢* — 1)’epc* X°LP
q
wWXx?=Xx"W
Now we have all the relations that allow us to study the
representations of this algebra.

A complete set of commuting operators is X°, XoX,
T2 and 73.

3 The matrix elements

In this chapter we present the matrix elements of all the
members of the algebra.
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The states are labeled by the quantum numbers j, m,
n and M. The quantum numbers j and m refer to the
g-deformed angular momentum. The quantum numbers
n and M label the eigenvalues of the time X° and the
three-dimensional radius XoX.

There are inequivalent representations for the time-like
and space-like regions.

Space-like: s2 =2 —r2 < 0:

M=—-00...0

n=—00...00

j=0...00
log™

X°|j,m,n, M) = Aln] |4, m,n, M) (3.1)

2]
2q?M

l

Time-like: s2 = t2 —r2 > 0:

M=—-00...00
n=0...00
7=0...n
01 toqu .
X" j,m,n, M) = 9] {n+1}[j,m,n, M)  (3.2)
12¢2M \2
XoX |j,m,n, M) = W[n—i—ﬂ[n] |7, m,n, M)

We use the notation throughout this paper:

a

_ 4" —q
[a] = = (3.3)
{a} =q¢"+q¢° (3.4)
and
1
A=q-— p (3.5)

The spectrum of the operators X° and X oX is shown in
Fig. The parameters |tg|, Iy range from 1 to ¢ and label
inequivalent representations. ¢y can be positive (forward
cone) and negative (backward cone).

The states are orthonormal:

<j/a m/7 TL/7 M/|j7 m,n, M> = 5j’,j6m’,m6n’,n(5M’,M (36)
The matrix elements of X4, R4, S4 and P4 can be ex-

pressed in terms of reduced matrix elements. The explicit
formulas are given in (4.5).
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Space-like:
Reduced matriz elements of X~ :

{7+ 1,n, M|[X™lj,n, M) =

M+j Vinti+1H{n—j-1}

log for 7 >0
G VR )+ 3]
(Jyn, M| X7 |lj,n, M) =
My, 732
_q_1M forj >1
VIEIGHG + 1}
(J.m, M| X7+ 1,n, M) =
—logM 972 Vintit{n—j—1 for j >0

{ +11/12][25 + 1125 + 3]
Reduced matriz elements of R™:
{3+ 10", M||R™[|j,n, M) =
(' — g

{+ DRIEAVE + 112 +3)

.\/{(n’n)(jﬂ)m’}{(n' n)j +n'}
{n}{n'}

(6n’,n+1 + 5n/,n71)

for j >0

(o', M|[R™||j.n, M) =

°
{+ 115328
. \/{(n' —n)j +n'}{n — (' - n)j}

(5n/,n+1 + 5n’,n—1)

{np{n'}

for j > 1

(G, MI[R™ |l +1,n, M) =

(0 —n)g %"

R TR AW oTm T
\/{n — (0 —n)(j + DHn— (W —n)(j + 1)}

{n}{n'}

for 7 >0

Reduced matriz elements of S~ :
(G +1,n, M||S™||lj,n, M) =

-3

577,/ n 5n/ n— ("nlin)q

(Ons 41 + O, 1){j+1}[2]%x [25+1][25+3]

O =)+ 1)+ H{( —n)j + '}
{nHn'}

for j >0

(o', MI|S™ |1, n, M) =

73
{+ 1}{3}[ k
\/{ ' —n)j +n'}n — (0’ —n)j}

n n+1+5n ,;n— 1)

{n}{n'}

forj>1

(Gyn, MIS™ 5 +1,n, M) =

(n —n)g—*

(13213 AM/25 1125 +3]

\/{n — (W =)+ DHn— (' —n)( + 1)}
{(n}{n'}

n’ n+1+5n n— 1)

for j >0

Reduced matriz elements of P~ :

(J+1L,n+1,M'|P"|jn,M)=

2425 —n 2+4n)

%(5M’,M+1q —Omr M—19

_ 1 2]
{7+ 13 Mog™ V127 +1][25 + 3]

{n+j+2Hn+j5+1}
{nHn+1}

for j >0

(G+1,n—1,M||P " ||j,n, M) =

2425j+n _ 5M’,Mflq2_n)

_ 1 2]
{7+ 13 Mog™ V 127 +1][25 + 3]

=y =—2Hn—j-1)
Hn -1

for j >0

%(5M’,M+1q

(Jon+1,M'|P~|[j,n, M) =

2+n)

(Onmr M4+107" + O m—1q

I\
2{jHj + 11V [2)log™

{ntj+1H{n—j}
{nH{n+1}

for j >1




B.L. Cerchiai, J. Wess: g-deformed Minkowski space based on a g-Lorentz algebra 557

<j7n_ l,MI||P_||j,7”L,M> =

(Oaar m+14™ + Snar m—1427™)

B i\
2{5 Hj + 1}/ 12]log"

{n—j—1H{n+j}
{n}{n -1}

for j > 1

Gyn+ 1, M||P~|)j +1,n, M) =

) —2-2j— 2
—5(6mr,m419 I — S -2 )

: 1 ¢ 21 (n—jtn—j—1}
{j + 13 Aog™ V [27 +1][27 + 3] n}{n+13}

for j >0

(Gon =1, M'|P™|j +1,n, M) =

—2-2j+n _

*%(51\4/,M+1q S m-142")

2] {ntj+iH{n+j}

1 ¢
Grined VT r 17+ 31\ (nfn— 1
for j >0

Matriz elements of P°:
(j,m,n + 1, M'|P°|j,m,n, M) =

3+n)

, .
—aateg (OMr 410" + Oar -1

_¢ﬁwﬂHn+i+H
{nHn+1}

<jam7n_ 17M/|P0|j7m7naM> =

for j >0

; 1 3-
W@M',MHQ 4 S o m—1g? ™)

¢m j—1Hn+j)
(n}{n— 1}

Matriz elements of U:
(,m,n, M|U|j,m,n+1,M) =

for j >0

(gym,n+1, M|U|j,m,n, M) =

1 J{n—jHn+j+1}
2] {nH{n+1}

for j >0

Matriz elements of A:

<j,m,n,M—|—1|/1%\j,m,n,M) =q°

Time-like:

Reduced matriz elements of X~ :

(g + Lon, MI| X[, n, M) =

M+ VIn—jln+j+2]
{7+ 13V[21[25 + 1]2) + 3]
for j >0

toq

<j,n,MHX_||j,n,M> =

—1y tqu{n + 1}
VERIGHG + 1}
(Jym, M| X7+ 1,n, M)

—q for j > 1

¢mfﬂ[+j+%

= —togM 972
{7+ 121025 + 1)2) + 3]
for j >0
Reduced matriz elements of R™:
(J+ L/, MI||R™|j,n, M) =
/ 2j—1

(n"—mn)q

Ot 0t 1) G o o+ R + 9

,¢mv—mu+n+ww4mw—nw+w+u

[n+ 1][n' + 1]
for j >0

(G,n', M||R™||j,n, M) =
-3
{7+ 1}{j}2*

,va—mj+w+um—ov—mj+u
[+ [+ 1]

((Sn/,nJrl + 5n’,n71)

forj>1

(g,n, MIIR™||j + 1,n, M) =

7(5n/,’n+1 + 571’,71—1) ' (’I’L;— n)q—.2j—5 |
G+ 022 + 112 £ 3]

,¢muww—mu+n+um—@v—mu+n+u
o+ 1] + 1]

for j >0
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Reduced matriz elements of S~ :

(G + 1,0, M|[S™|lj,n, M) =

(g/—n)qf‘o’
{7+1}2]2 M/ [25+1][25+3]

(6n’,n+1 + 5n’,n71)

I =G+ ) 4 1 — )+ 1]
ot 17 + 1]

for j >0

(G, n', M||S™||j,n, M) =

q73

{5+ 1}{5}[2]=

.¢wv—mj+w+um—ov—mj+u
o+ L[ + 1]

*((;n/,n-&-l + 5n’,n—1)

forj > 1

(.n', M|IS™|lj +1,n, M) =

(n'=n)q~*

- 677/ n + 6n’ n— R
Ont b1 0w n=1) o e

.%w-muWW+n+um—w—mu+n+u
I+ 1l + 1]

for j >0

Reduced matriz elements of P~ :

(+Ln+1,M|P|jn, M) =

%(5M’,M+1q1+2j_n + 6 v—14°T)
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(d,n+ 1, M| P~ lj,n, M) =

iA —1-n 3+n
O — O M —
Z{j}{j i 1}\/@750(]”]( M’ ,M+19 M’ ,M—-19 )
[n+j+2]n—7+1] .
'V e for j =1

<j7n_ LM’HP_HJ"”’M> =

,¢m+j+um—ﬂ
[n]ln + 1]
forj>1

(j,n+1,M'||P™||j+1,n, M) =

—5(Omr 19”27 v 17T

. % 2 %m—j+um—ﬂ
Mg+ 1og™ V27 + 127 + 3]V [n+2][n +1]
for 7 >0

<j7n - 1?M/HP_H.7 + 1an7M> =

%(5M’,M+1q_1_2j+n + 6 -1t
. 1 \/ 2] \/[n—|—j+2][n+j—|—1]
G+ Lied™ VBT 73 falln + 1

for j >0

Matriz elements of P°:

{(,m,n+ 1, M'|P°|j,m,n, M) =

‘ - 4
—oxtea (OM/ 147" — O 147 1)

2] ¢m+j+am+j+ﬂ
[n 4+ 2][n + 1]

. 1 [
tog™ M j + 1} \/[2j + 1][2j + 3]
for 7 >0

<.]+1an_1aM/||P7||j’n7M> =

—E5Om 1T+ S 1t )
2

. 1 2] [n—j —1][n—Jj]
tod™ A\j + 1} \/[21' +1[25 + 3] \/ [n]{n +1]

for 7 >0

for j >0

.¢M—j+ﬂm+j+ﬂ
[n+ 1)[n + 2]

{(j,m,n — 1, M'|P°|j,m,n, M) =

; 2 2
— axtgt (OMr 10" = Onpr 147 7")

,¢M—ﬂm+j+ﬂ
][+ 1]

for 57 >0
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g=1.1,t0=1

12+ . . . . ~

10k ‘. A - } . ‘ A . . | t }nb“ ‘,.“u\““

8 10 12

Fig. 1. Admissible values of ¢ versus those of r for ¢ = 1.1 and
to=1

Maitriz elements of U:
<jam7naM|U|j>m>n+ 17M> =

<jaman+17M‘U|jaman,M> =

1\/[n—j+1][n+j+2]

2] [n+ 1][n+ 2]

Matriz elements of A:

(j,m,n, M + 1|A%|j,m,n, M) = ¢ (3.7)

4 Matrix elements of the coordinates

In this chapter we indicate how to construct the matrix
elements of the coordinates X.

We assume X° and XoX, as well as the elements T?
and 7 (7 = 73) to be diagonal and label the states with
the respective eigenvalues.

T2|j,m,r,t> = [ﬂ[j+1“jammt>

T|]? m? 717 t> = q_4m‘J7 m7 TV t>

XO5,m,rt)  =t|j,m,rt)

XoX|j) m) T’ t> = T2|J7 m7 T’ t>

The well known representations of the T" algebra are given
in the appendix. As in the undeformed case, the T, X4
algebra allows us to express the “vector’-operator X4
through reduced matrix elements [7].

The respective algebra as it follows from Chap.1 is:
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TX? = X7
TXT =q¢*XTr (4.2)
X" =¢'X" 7
T-X3=X3T" +q/1+ X~
TTX™ =@X T+ ¢ W1+ ¢2X3 (4.3)
T~ X =¢*X"T"
THX3 = X3TT + ¢ 21+ 2XT
THXT =g 2X T+ (4.4)

T-Xt =¢2X+ T~ + 1+ ¢2X3

We proceed exactly as in the undeformed case. From
(4.2) follows that X3 does not change the eigenvalue of 7
and that X, (X~) changes m by +1, (—1).

From (4.4) we learn that the m dependence of the X+
matrix elements can be computed explicitly and that the
matrix elements of X2 can be expressed in terms of the re-
duced matrix elements of X . From (4.3) follow the same
relations for X . Via X3, the reduced matrix elements of
X7 are related to the reduced matrix elements of X . As
X4 commutes with XoX and X°, X4 does not change
the eigenvalues of X° and XoX.

For the non-vanishing matrix elements we obtain the
following result:

(j,m+1,r,t|Xﬂj,m,r,t) =

—q™ 2/l +m+ 1[5 — m](G,r ]| X |7, 7, )
G4+1,m+1,rtXT|j,m,rt) =

"N+ m A+ m A+ 2+ L | X ||, t)
(G—1,m+1,rt|XT|jm,rt) =

R = m]lf —m =10 — 1, | X g, )

(gym —1,rt| X" |j,m,rt) =

q" i+ mllj —m+ 1, t| X [|7,r, )
(j+1,m—1,rt|X"|j,m,rt) = (4.5)
"V —m A1l —m+ 2+ Lt X |4, 0)
<.] - lam_ 17T7t‘X7|j7m7717t> =

(,m,r t| X35, m,rt) =

gﬁ{q% - W}U, P X (1)
(G+1,m,r t| X35, m,rt) =

"IN+ @V —m+ 1+ m 1]

G+ 1, | X g, t)

(G —1,m,r t| X35, m,rt) =

—q" T4 @V = mll+ml(G = Lt X5 t)

q
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All the m dependence of the X4 matrix elements is
now explicitly known.

To get information on the reduced matrix elements we
have to use the X, X relations (2.1).

We start with the relation:

X3XT - ?XTX3 = (1-¢4)X Xt (4.6)
Depending on what matrix elements we take, (4.6) leads to
a recursion formula for (j,r,t|| X |4, r,t) or for the quan-
tity pr+ which is defined as follows:

pr,t(j + 1)
=[25 + 1][2j + 3] (4.7)
X (G | X7+ L 6 (G + Lo, t]| X ][4, 7, 6)

These recursion formulas can be solved and we obtain:

—/\q’lxﬁ i+,

X g, t) =
Gyt X4 27 £ 2]

(4.8)

As X~ changes the eigenvalue of 7 the above matrix ele-
ment has to be zero for j = 0. Equation (4.8) is valid for
i>1

o Rl+1

pra(f+1) = pra(1) + N?[2]g 3¢ Z v 1}2 (4.9)

The quantity p, (1) is the unknown left. It is related to the
radius r. To see this we decompose XoX into the product
of matrix elements of X“. The calculation is particularly
simple for the matrix element:

(0,0,7,t|X0X10,0,7,t) = 72 = —¢*[2]pr.c(1)

For j # 0 the same calculation, but more tedious, yields:

(]21[2]{—7“24-

The two formulas (4.9) and (4.11) agree because the sum
in (4.9) can be summed up:

o1y
,; h{r+1y

Equation (4.12) can be proved by induction.

From (4.10) follows that p,.(1) is negative. We shall
show that this is true for p,.(j) for any value of j. It
follows from the hermiticity properties of the coordinates:

(4.10)

[]l5 +2]A%

pr,t(j + 1) = {] + 1}2

t2} (4.11)

25 +2]
2]

[27]
21535 +13°

(14 ) (4.12)

— - - 1
X3 = X3, X+ =—¢X, X-—=—--X" (4.13)

q

For the reduced matrix elements this implies:
Gt X=llg ' ) = G U IXT Nl ) (4.14)

<] + 1,7“,t||X_Hj,’I“/,t/> = —q2(j+1)<j,r',t’HX_||j + 1,7, t>
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From the definition of p,; (4.7) we now obtain:

prt(j+1) (4.15)
= —q20DR25 + 1][25 + 3]|(j + L7, t| X |7, 7, £)]?

Thus p,+(j) is negative or zero. This can lead to an upper
bound for j.

If we combine (4.15) with (4.11) we see that
|G + 1,7 t]| X[l + 1,7, ¢)[* is now explicitly known as
a function of j, r and ¢. Only a phase is undetermined.
But the relative phase between states with different j
has not been fixed yet. We do it now, by assuming that
G+ 1, t| X4, t) is real. Equation (4.14) then deter-
mines (j, 7, t|| X~ |7 + 1,7, t).

As the reduced matrix elements (j, r, || X ~||4, r, t) have
been given in (4.8), all the matrix elements of X
known as functions of j, m, r and t.

We have to learn more about the spectrum of ¢ and r.
This can be done by studying the X, R algebra.

We start with the following relations, they are a con-
sequence of our algebra:

Lgt+1 o 1

Ux% == XU - =(¢? = 1)?2XoR (4.16
J 1 q(q ) (4.16)
XoRX'= 2 x0xop- 9 _yoxu
1+¢2 (1+¢%)

If we take matrix elements of these relations we get two
homogeneous linear equations in the matrix elements of
U and XoR that have a non trivial solution only if the
determinant of the coefficient matrix vanishes:

The invariant length commutes with XoR and U, and, as
a consequence

(4.17)

R A I Ly (4.18)

We shall use as a variable s2 for the time-like and [2 = —s2

for the space-like case.
If we replace r’ % in (4.17) by s? we obtain a quadratic
equation in ¢ that has the solution:

()"

Thus ¢ and ¢ have to be related this way for a non-
vanishing matrix element XoR. For r’ ? — 0 however there
is a special situation. From (4.11) follows that pg (1) =0
and that j has to be zero for pg: not to be positive. From
(4.15) all the X matrix elements are zero and thus the
X oR matrix elements as well:

Et/:l:é
2 2

t= (4.19)

(0,0,0,|X0R[0,0,7,t) =0 (4.20)

The second equation of (4.16) is trivially satisfied leaving
us with the equation:

(0,0,0,'|U0,0,r,t) (t—{é]} ) 0 (4.21)
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In this case the matrix element of U can only be different
from zero if

{2},
t= gt

In all the other cases, the matrix element of U is related
to the matrix element of XoR:

(4.22)

(4, m,r" V|U|j,m,r t) (t — {é]}t’> = (4.23)

7qA2<]7 m? ,r/7t/|XOR|j7 m? r? t>

We shall now discuss the time-like, space-like and light-
like region separately.

Let us start with the time-like region s? > 0. We as-
sume that there is a point 7’ = 0 on the hyperbola, thus
b =s (th = —s).

According to the discussion above there is only the
matrix element of U that connects this state to the state
to the time:

th=——=5>s

3 (4.24)

We now continue to use (4.19) and find the other values
of t:

S

tnzm{n—kl} n=0,1,...,00 (4.25)
The values for r,, follow from (4.18):
522
r2 = W[n + 2|[n] (4.26)

For the backward light-cone we just have to take tg nega-
tive.

If we would not have assumed ' = 0 to be in the
spectrum our matrix elements would connect to negative
values of r2.

For the space-like region, s —1?2 < 0, a similar anal-
ysis gives the following values for ¢ and 7:

2:

I\
tn = im[n] n=—00...00 (4.27)
» 12
On the light cone, s? = 0:
tn, = q" 70 n=—00...00 (4.28)
= ¢

If we now go back to (4.11) and insert the values of r,
and ¢,, we find that for the time-like region p(n + 1) = 0.
That means that in this case j is restricted to be j < n.
There is no restriction of this type for the space-like region
of the light-cone.
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To conclude this section we give an explicit form for p
for the time-like, space-like and light-like region. We find:

2?2 {n—j—-1{{n+j+1}
2]¢? {j+1}°
An—j—1n+j+2]

space-like:  p,(j+1)=— [

time-like:

o s |
pn(j +1) o TEm
ight- : Ay 1
light-like:  pp(j+1) = -2 1

g P (] ) qz {] n 1}2

(4.29)
We see that only for the time-like region p, can change
sign.
From (4.15) follows with our phase convention:

el P e A1V Rt B
G+ Lt X7t =q [2j + 1][2] + 3] (4:30)
] o i _prt(j + 1)
| XTG4 L) = —g T e
Gyt X5 ) =4 27+ 1][2) + 3]

We already know (4, r, ¢|| X ~||j,7,t) (4.8). Then all the ma-
trix elements of X depend on s for the time-like, on [ for
the space-like and on 7y for the light-like region as the
only undetermined variable.

5 Matrix elements of the generators R4
of the g-Lorentz algebra

The operators R4 are “vector” operators as well, and their
matrix elements can be expressed through reduced matrix
elements. The formulas (4.5) are valid for R* except that
R# is not diagonal in r and t.

If we analyze the “scalar” product of two arbitrary
“vector” operators through matrix elements we get the
general formula:

(j,m, p|AoB|j,m,v) =

> Gl A1) GV B N, V>éq2[2j + 2][27]

(Gl AN+ 1,00 G+ LY B4, v)6% (25 + 21[2) + 3]
_<,77/’6||A_||j - 17V/><j - 171/HB_||jv V>q2[2]][2j - 1]

where v, i stand for the quantum numbers ¢t and 7.
We can apply (5.1) to XoR and find:

(5.1)

(j,m, p| XoR|j,m,v) =

) . . . 1 . .
(G, 1| X117, ) G, mll R 11, V>mq2[2j + 2](24]
=Gl XN+ 1L, G+ Ll R4, v) e (25 + 2][25 + 3]
=Gl XNF = 1, m) (G — L pl|R |14, v)e?([24][25 — 1]

This shows that in general (7, # 0) non vanishing matrix

elements of R4 will lead to non vanishing matrix elements
of XoR. We know from the last section that XoR has only
non vanishing matrix elements between states labeled by

(5.2)
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tn and t,+1. Thus the non vanishing matrix elements for
R4 are between these states as well.
We now use the R,X relations to get information on
the R matrix elements. First the algebraic relation:
RT Xt =¢XTR* (5.3)
If we take the (j 4+ 2,j) matrix elements of this equation
we obtain the recursion formulas:

(G+2,7" ¢|R™|j+1,mt)

5.4
Gt LR o) (54)
G+2,7 | X7+ 1,7, ¢)
(J+ 1Lt X [|7,7t)
and:
i — 2,7t [|R™|j— 1,7t
(G — 2,7, t',|R™||j rt) (5.5)

<J - l,T/,t/||R_||j7 T, t>
(G—=2,7" || X" |j— 1,7, t)
<.] - 1,7‘,tHX7||j7T,t>

These formulas can be iterated. With the matrix elements
of X~ expressed in terms of p, we find for j > 1:

G+ 17" IR g, t)
(1,7 ¢||R7|0, 7, t) (5.6)

_ 25 3] prrw(G+1) ..o (2)
=4 \/[2j+1][2j+3]\/ pri(J) - -

Pr,t(l)

and

Gy IRl +1,m,t) _
0. FR-TLmt)

-2 3] P+ 1) pra(2)
O \/[2j+1}[2j+3]\/pw,t/(j)...

pr’,t’(l)

There is another relation that follows from (5.3) if we take
the (j + 1, j) matrix elements. It is:

G+ L CIRT G+ L ) (G + 1t X4, 7, 1)
+( + L VR, ) Gy I X g, ) = (5.7)
g+ 1 XN+ L) (G + Lo V| RT|G,r, t)
+q(j + 1L XN ) Gy IR (G, t)

This equation is valid for j > 1 and relates (j + 1,5 +
1),(4,7) and (§ + 1, j) matrix elements of R~.
If we study the relation:

1
—(X3 - X")R*

RY (X3 - X% =
q

(5.8)
and its (5 + 1,7) matrix elements, the same R~ matrix
elements as (5.7) are related. They can be combined to
eliminate the (j + 1,j 4+ 1) matrix elements and to give a

relation between the (j,7) and (j + 1, j) matrix elements
of R™:

G VU s 0+, VX 2072 (59
= G+ LR ) B ()
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It is valid for j > 1.
Taking the corresponding (j —1, j) matrix elements we
obtain:

G IR g, )G = L X g, ', 8) (5.10)
= G- Lt i) VE () o

This equation is valid for j > 1.

Both equations can be used to find the (j,7) matrix
elements from (5.6) in terms of the (1,0) or (0,1) matrix
elements of R™.

(. IR N7, 1)
pr’,t’(2)

{J}{J +1} q2
] Pr/,t’(j)~~~
Prt(J) - pre(2)

=0, 7 VIR [1,m 8)

| ¢ pra(i)-.
Pr/,t’ (]) e

For the values of p given in (4.11) it can be seen by in-
duction in j that the relation between (1, t'|R™||0, r,t)
and (0,7, ¢'||R||1,r,t) that follows from (5.11) is indeed
independent of 7. We take j = 2 and obtain:

L'{j+ 1} —t{j} »
v {GHI+ 1}

pr,t(Q)
Pr t/ (2)

(1,7 t'|R™|0,7,t) = 5.12)

(
r {3} — 2} pa(2)
" (2} — (3} prr (2)

One of the matrix elements, e.g. (1,7, ¢||R™||0,r,t), re-
mains to be determined.

We already know that the U matrix elements are re-
lated to the R~ matrix elements from (4.23) and that U
is hermitean.

<07T/7t/HR7||17T7 t>(7q )

(0,0,t,7|U0,0,t',7"y = (0,0,,7'|U|0,0,t,7)  (5.13)
If we now use the relation:
URt =R'U (5.14)
we find:
I'(n) =1(0,0,t,, 7 |U[0,0,tn41,7041)]* = T'(n+ 1)

(5.15)
Thus I'(n) is n independent. This is valid for the time-like,
space-like and light-like regions.
To finally determine I'(n) we have to use a relation
that fixes the length of RoR. This relation is:

U?~1=(¢* —1)?RoR (5.16)
This is now sufficient to determine I'(n). We find:
) = o (5.17)
PR '
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We can use the freedom of choosing the phase of states
with different n eigenvalues such that:

1

2]

This determines all the matrix elements of U, R* and
S4. as the S4 matrix elements are conjugate to the R4
matrix elements (2.11).

We finally give the explicit form of the following R~
matrix elements:

For s2 =0
<]-7TnathR_||07rn717tn71>

(0,0,7,t{U0,0,7, ') = (5.18)

[2]3 \FA

Lrn, tn | R0, rpgr, th = —5
(L Gl 10, Pt ) =~

5.19
0,7, to||R1, Tt tn1) = —57 (5.19)
2\/7q6)\
0,7n,tn R~ Lrng1,tn
N
For s? time-like
Lirn, tal|[R[[0,rp—1,th—1) = [n+2]
(Ll R10. P10t 0) = b
- _ (7]
(Lrns ta|[R7N0, 7ng1, tng1) = [2] \/[gq)\ [n+2]
_ _ 1 [n—1]
<0,7"n,tn||R Hlyrnflvtnfﬁ— [2]% Blaon [n+1]
0, P tul[R7II1, g1, tnt) = —— e
O tall R P, ) = oy
(5.20)
For s? space-like
L7 to | R0, 71, b e
< yI'ns HR ||O’T 1 1> [2]2\/[3(1)\ {n—1}
(L tall B0, T i) = = ey
-1 B )= 1 {n—2}
<O7’I"n,thR || 3 Tn—1,tn 1> [2]%\/ﬁq5k ny
_ o 1 {n+2}
(0,7, tn | RTIIT, Pogr, tnga) = 3V V
(5.21)

We could have started from the momenta instead of the
coordinates, then we would have constructed representa-
tions of the g-deformed Poincaré algebra. Such represen-
tations are obtained by replacing X* everywhere with P®
[8].

It should be noted that the representations with pos-
itive mass square p02 — p? > 0, have angular momentum
limited by j < n (see discussion after the (4.23)).

6 The scaling operator A and the spectrum
of X% XoX

The action of the scaling operator Az on the states
|7, m, 7, t) is easily found from (2.7):

1, . .
A2|],m,’l“, t> = aj,m,r,t|]amaqra qt> (61)
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From (2.11) and (6.1) follows:

|tm et = ¢* (6.2)

It is obvious that A2 changes the value of s by a factor
¢%. This shows that the values of s and [ in (4.25), (4.26)
and (4.27) have to take the following values:

M = (6.3)

s:tqu, —00...00

l= lqu

It is only the light-cone that is left invariant under the
action of Az
The states can be labeled with j, m, n and M for
52 > 0 and for s2 < 0. For s2 = 0, j, m and n are sufficient.
For s% > 0:

M=—00...00
n=0...00
7=0...n
01 tqu .
X |]aman7M>: [2] {Tl+1} |.7’m7naM> (64)
t QMAQ
XoX |j,m,n, M) = T[n—i—?][n] |7, m,m, M)

A% [j,m,n, M) = ¢2|j,m,n, M + 1)

For s2 < 0:
M=—00...00
n=-—00...00
j=0...00
0]~ ZOqM .
XU g, m,n, M) = 9] Aln] |, m,n, M) (6.5)
ZQ 2M

XoX |j,m,n, M) = ——{n+1}{n—1} |j,m,n, M)

22
Az |j,m,n, M) = ¢?|j,m,m,n, M + 1)

For s2 = 0:

XO ‘j7m7n> = Toqn Ijaman> (66)

XoX [j,m,n) = 15¢*" |j,m,n)

10y,

A2 17, m,n) = e"*"¢*|j,m,m,n+1)
In this case we cannot use the freedom of phase for the
states to have a = 0.

As we shall need the U-matrix elements in the next
section we list them here explicitly.
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For s < 0:

<J7m7n7M|U|J’m7n+ 17M> =

(g, m,n+1, M|U|j,m,n, M) = (6.7)
1 [{n—jHn+j+1}
2] {nH{n+1}
For s2 > 0:
<j7m7n7M|U|j7m7n+1aM> =
ym,n+1, M|U|j,m,n, M) = (6.8)

1\/[n—j+1][n+j+2]
2] [+ 1n+2]

We see that for the time-like region the matrix element
of U is zero for n = j — 1. This is in agreement with the
condition n > j.

For s = 0:

(g, m,n|Ulj,m,n+1)

1
= <.77m7’n‘+ ]‘7M|U|j7m7n7M> = ﬁ

We shall see that for s # 0 these states are sufficient
to construct a representation of the full algebra introduced

in Chap.1. For s2 = 0 there is no representation of this
algebra.

(6.9)

7 Matrix elements of the momenta

We first write the g-deformed Heisenberg relations (2.8)
in a more explicit version:

[2]P°X° — ¢{2) X°P° + AXoP
= L2l Aty (7.1)
PRIPP XA — g{2}XAPY — M\ XOPA — Nepc XCO PP

= —2[2]2616%/1‘%(612# +5%)
P2]PAXC — g2} XOPA — AP XAPY — \epcAXC PP

(7.2)

7

=3 [22¢°AA"2 (R + ¢254) (7.3)
2
[2|(PAXE — XAPB) + q—?’eDcEeEABXCPD
+q% (9P XoP — g"PXOP 4 4P (XO P + XOPC))
— gt
2

x ({239%°U - ¢?A2lecP (RC - 59)) (7.4)

All these relations contain P°, in the relations (7.3)
and (7.4) PY is multiplied by \.

We rearrange these relations to obtain two relations
containing P’ and X oP as the only unknowns.
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First we contract (7.4) with gap:
2 3
PoX — L XoP — ¢ AR XOP (7.5)
= — 5?2343V
Equation (7.1) and (7.5) together with their conjugates
yield three independent equations:

POXO — Xopozé(qm—% + AR U (7.6)
PoX —XoP:f%[?)](q‘l/l’% FADU (7.7)
A(Xop_xop()):%qQ[Q](A% —ATHU  (7.8)

Equation (7.7) can be used to express PoX in terms of
XoP. Equation (7.8) is one of the wanted equations, the
second one is obtained by multiplying (7.3) by XZgpa:

XoPX"— 2 X0Xop— 2 Xox P
q[2] 2]
= ig*\[2]XoRA 2 (7.9)

This provides us with a system of two linear equations
for the two unknowns, the matrix elements of P° and XoP.
The determinant of this system of linear equations is pro-
portional to [2]t/(t — t') + Xs?. For s? # 0 the equations
can be solved. For s2 = 0 and t = t' the determinant
vanishes. The homogeneous part of the two equations be-
comes linear dependent. For the inhomogeneous part this
would imply (j, m,n|U|j,m,n+1) = 0, in clear contradic-
tion to (6.9). We conclude that the s> = 0 representation
of the X%, R4, S4, U, A algebra cannot be extended to
a representation of the full algebra. For s? # 0 we can
calculate the matrix elements. They are consistent with
(7.6) and the other algebra relations.

From the XoP matrix elements we obtain the reduced
matrix elements of P, hermiticity of P has to be used.
This way we obtain all the matrix elements of P4. Repre-
sentations of the full algebra have now been constructed.
Their explicit form is given in Chap.2. It is interesting
that the forward, backward time-like and the space-like
regions provide inequivalent, irreducible representations
by themselves.

Appendix A R-matrices, metric
and e-tensor

Euclidean space

For the Euclidean space the metric tensor is defined as:

gAaB: Yy-=—q, g3=1 g 4= “q (A.1)
AB +- 33 —+ 1
g g =—q gT=1 g = “y
949" =069 = 9P gpa
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With the metric indices can be raised and lowered:
Xa=gapXP X4 =g*PXp
and an invariant scalar product can be given:

1
XoY = gapXAVB = X3y3 Xty —-X"Y* (A2)
q

The e-tensor is defined as:

er-C=q, e ’=-q, ep’=1-¢,
erst=1, et =-¢,
25_3_2—(]27 ez~ =1. (A3)

Indices of the e-tensor can also be raised and lowered
through the metric, e.g.:

D
€ABC = JCDEAB

In terms of the metric and of the e-tensor the three-
dimensional R-matrix of the ¢-Euclidean space can be
written in the form:

RAP o p=6407,

—q " Beppe — ¢ H? - 1)g*Pgep (A4)

Minkowski space

For the g-deformed Minkowski space it turns out that two
different R-matrices exist. Their projector decomposition
is given by:

Ri=Ps + Pr — ¢*P, — ¢ 2P_ (A.5)
1
=1-(1+¢*)Py — (1 + ?)P_
Rij=q %Ps +¢*Pr — P, — P_ (A.6)

1 1 1
:(72][ +(¢* - ?)PT —(1+ ?)PA

In these definitions Pg,Pr,P,P_ are the projectors on
the symmetric, trace, selfdual, antiselfdual eigenspaces re-
spectively. This decomposition shows clearly that RI can-
not distinguish the symmetric while Ry cannot distin-
guish the antisymmetric eigenspaces, because they have
the same eigenvalue, so that both matrices are necessary
to distinguish all the spaces. The explicit expression of the
projectors follows.

P_;,_:
00 Co 0D CD
00 0 0 0 0
2 A 1 A 1 A
A0 0 (1~fq2)250 _(1+q2)26D (1+q2)25DC (A7)
0B | 0—lys0B —LproB — L B
1+2% T3¢2%D (1+q2)25DC
2> AB AB E_ _AB
AB | 0 e e e
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P_:
00 Co 0D CD
00 | O 0 0 0
A0 | 0 ~LneA — L _5A ¢ . A (A8)
(1+¢2)2°C ~ (1472 "D~ (I+¢7)2 - DC
2
0B | 0 ~(rged8 mwiae®s mrapene”
AB 2 AB E AB
AB | 0 —giae  Wer e
PTZ
00 Cco 0D CD
00 ¢ 0 -4 _
(1+¢%)2 (1+q2)2gCD
A0 0 0 0 0 (A.9)
0B 0 0 0 0
2 2
AB | —igee™® 0 0 g™ Pgen
It holds:
I=PFPs+Pr+PL+ P (A.10)

Using Pr it is possible to construct a 4-dimensional met-
ric:

moo = —1, m33=1 )
H—=-9 7N—+="y (A.11)
77ab = Nap
which enables to raise and lower indices:
Xa=napX"? X4 =n"PXp (A.12)

and to define an invariant scalar product in 4 dimensions:
1
X V=X%" - X33 4+ ¢XTY ™ + XYt (A.13)
q
=—7apXY"

The sum of the selfdual and antiselfdual projectors defines
the ¢-deformed antisymmetrizer:

Py=P,+P_ (A.14)

while their difference defines the ¢g-deformed 4-dimensional
e-tensor:

eeq = P{Pg — Py (A.15)
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